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Abstract
In this paper we discuss the stability and local minimising properties of spherical 
twists that arise as solutions to the harmonic map equation 
by way of examining the positivity of the second variation of the associated Dirichlet 
energy. Here, following [31], by a spherical twist we mean a map u ∈ W1,2(핏n,핊n−1) 
of the form x ↦ 퐐(|x|)x|x|−1 where 퐐 = 퐐(r) lies in C([a, b], 퐒퐎(n)) and 
𝕏
n = {x ∈ ℝn ∶ a < |x| < b} ( n ≥ 2 ). It is shown that subject to a structural con-
dition on the twist path the energy at the associated spherical twist solution to the 
system has a positive definite second variation and subsequently proven to furnish a 
strong local energy minimiser. A detailed study of Jacobi fields and conjugate points 
along the twist path 퐐(r) = exp(G(r)퐇) and geodesics on 퐒퐎(n) is undertaken and 
its remarkable implication and interplay on the minimality of spherical harmonic 
twists exploited.
Keywords Harmonic maps · Strong local minimisers · Positive second variations · 
Conjugate points · Compact Lie groups · Weierstrass excess function
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퐇퐌퐄[u;핏n,핊n−1] ∶=
⎧
⎪
⎨
⎪
⎩
Δu + �∇u�2u = 0 in 핏n,
�u� = 1 in 핏n,
u = 휑 on 휕핏n,
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1 Introduction
In this paper we study the stability and local minimising properties of a class of geo-
metrically  motivated maps serving as classical solutions to the nonlinear harmonic 
map Eq. [(17) below]. Indeed to describe the set up and tasks more clearly consider 
the variational energy integral
where F = F(t) is a non-negative, convex and monotone increasing function of class 
C
2 on the half-line t ≥ 0 having a polynomial type growth at infinity while 핏n is 
a finite, symmetric, open n-annulus that for definiteness is hereafter taken to be 
𝕏
n = {x ∈ ℝn ∶ a < |x| < b} with n ≥ 2 and 0 < a < b < ∞.
The admissible map u is assumed to lie in the Sobolev space of sphere-valued 
maps Ap
휑
= A
p
휑
(핏) ∶= {u ∈ W1,p(핏n,핊n−1) ∶ u = 휑 on 휕핏n} where 1 ≤ p < ∞ , 
휑 ∈ C
1
(휕핏n,핊n−1) is a fixed prescribed boundary map and as customary we have 
written W1,p(𝕏n,𝕊n−1) ∶= {u ∈ W1,p(𝕏n,ℝn) ∶ |u| = 1 a.e. in 𝕏n} . Here and below 
∇u denotes the gradient of u and |∇u| stands for the Hilbert–Schmidt norm of ∇u , 
that is, |∇u|2 = tr{[∇u]t[∇u]}.
Now consideration of the vanishing of the first variation of 픽  at a C1 extremal 
(or equivalently stationary map) u results in the Euler–Lagrange equation, here, the 
non-linear system
where F′ denotes the derivative of F = F(t) with respect to t and the divergence 
operator in the first line is understood to act row-wise.1
One motivation for studying such problems comes from liquid crystals theory 
and in particular the well-known Oseen-Frank model where the aim is to describe 
and classify the director fields u arising as extremisers and minimisers of the energy 
functional
subject to suitable boundary conditions. Here Ω ⊂ ℝ3 is a bounded domain repre-
senting the body, u is a unit vector-field on Ω (the director field) with ∇u denoting its 
gradient and the energy density W = W(x, u,∇u) is given by
(1)픽 [u;핏n] ∶=
∫
핏n
F(|∇u|2) dx,
(2)
⎧
⎪
⎨
⎪
⎩
L[u] = div
�
F�(�∇u�2)∇u
�
+ F�(�∇u�2)�∇u�2u = 0 in 핏n,
�u� = 1 in 핏n,
u = 휑 on 휕핏n,
(3)픽OF[u;Ω] =
∫
Ω
W(x, u,∇u) dx, u ∈ W1,2(Ω,핊n−1),
1 A particular solution to this system is the radial projection u(x) = x|x|−1 with the choice 
휑 = x|x|−1 on 휕핏n . For reasons that will be clear later we call this the trivial solution. Indeed here 
L [u] = ∇u∇F�(|∇u|2) + F�(|∇u|2)[Δu + |∇u|2u] = 0 as a result of F�(|∇u|2) depending only on r, 
∇u = (퐈
n
− 𝜃 ⊗ 𝜃)∕r and Δu + |∇u|2u = 0.
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The kj ( 1 ≤ j ≤ 4 ) are the Frank constants that are assumed to satisfy the strict form 
of Ericksen inequalities [15]: k1, k2, k3 > 0 , k2 > |k4| and 2k1 > k2 + k4 , which result 
in the coercivity inequality W(x, u,∇u) ≥ 훼|∇u|2 for all vector fields u and some 
𝛼 > 0 . Using the identity
it is seen that in the case of “equal elastic constants”, that is, k1 = k2 = k3 =∶ k , 
( k4 = 0 ) the Oseen-Frank energy reduces to a constant multiple of the Dirichlet 
energy, here, 픽  with F(t) = kt . Notice also that the term tr(∇u)2 − (∇ ⋅ u)2 is a null-
Lagrangian, that is, its integral depends only on the boundary values of the map u 
(cf., e.g., [1, 15, 16, 20, 33]). Other motivations come from geometry and calculus 
of variations; see [13, 14, 16] and the huge list of references therein.
Calculating the second variation of the energy at the extremal u, upon taking a com-
pactly supported smooth 휙 ∈ C∞
0
(𝕏n,ℝn) , we obtain the quadratic form
where �𝜙 = (퐈 − u⊗ u)𝜙 = 𝜙 − ⟨𝜙, u⟩u is the tangential part of 휙 in that ⟨u, 휙̂⟩ = 0 
everywhere while for 휀 ∈ ℝ sufficiently small u휀 denotes the radial projection of the 
unconstrained variation u + 휀휙 , that is,
(See Appendix 1 for the details.) An extremal u of class C1 is said to be stable iff the 
above second variation is positive for all non-zero 휙 ∈ C∞
0
(𝕏n,ℝn) . Note that by the 
convexity and monotonicity assumptions on F (i.e., F′ ≥ 0 , F′′ ≥ 0 ), from (6) it fol-
lows that
with the term inside the curly brackets on the right containing the expression cor-
responding to the second variation of the Dirichlet energy, that is, (1) with F(t) ≡ t . 
This observation signifies and prompts the study and understanding of the positivity 
of second variations and stability of extremals in the particular case of the Dirichlet 
energy as a basis for more general energies with a nonlinear F. Now recall that a 
spherical twist is a map u ∈ C(핏n,핊n−1) of the form
(4)
W(x, u,∇u) = k1|∇ ⋅ u|
2 + k2|u ⋅ (∇ × u)|
2 + k3|u × (∇ × u)|
2
+ (k2 + k4)(tr(∇u)
2 − (∇ ⋅ u)2).
(5)tr(∇u)2 + |u ⋅ (∇ × u)|2 + |u × (∇ × u)|2 = |∇u|2,
(6)
d2
d휀2
픽 [u휀;핏
n]
����휀=0
=
∫
핏n
�
4F��(�∇u�2)⟨∇u,∇휙̂⟩2 + 2F�(�∇u�2)�∇휙̂�2
−2F�(�∇u�2)�∇u�2�휙̂�2
�
dx,
(7)u휀 = Π(u + 휀휙) =
u + 휀휙
|u + 휀휙|
.
(8)d
2
d휀2
픽 [u휀;핏
n]
||||휀=0
≥ 2
�
핏n
F�(|∇u|2)
{
|∇휙̂|2 − |∇u|2|휙̂|2
}
dx,
(9)u ∶ x ↦ u(x) = 퐐(r)휃 = 퐐(|x|)x|x|−1, x ∈ 핏n,
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where a ≤ r = |x| ≤ b and 퐐 lies in C([a, b], 퐒퐎(n)) . The curve r ↦ 퐐(r) is called 
the twist path associated with the spherical twist u and in the event 퐐(a) = 퐐(b) this 
closed curve on 퐒퐎(n) is called the twist loop associated with u. For spherical twists 
to be admitted as competing maps in Ap
휑
 we must firstly confine the associated twist 
path 퐐 to lie in W1,p(]a, b[, 퐒퐎(n)) and secondly and without loss of generality set 
the boundary map 휑 = 휑(x; 퐈,퐑) ∈ C(휕핏n,핊n−1) to have the explicit form
where 퐈 = 퐈n is the identity matrix and 퐑 ∈ 퐒퐎(n) is fixed. Thus in particular any 
such twist path must satisfy the boundary conditions 퐐(a) = 퐈 , 퐐(b) = 퐑 . In light 
of this description one can calculate that for a spherical twist u = 퐐(r)휃 we have 
∇u = (퐐 + (r퐐̇ −퐐)𝜃 ⊗ 𝜃)∕r and thus (see [31] for details)
In even dimensions spherical twists with a suitable choice of twist paths can be 
shown to yield non-trivial solutions to the nonlinear system (2). In sharp contrast, 
in odd dimensions, a similar analysis reveals that the only spherical twist solutions 
to (2) are the radial projections u = Π = x|x|−1 (see [31] and below for more). As a 
matter of fact, commenting further, in even dimensions, the twist paths that grant 
spherical twist solutions u can be shown to have the form 퐐(r) = exp(G(r)퐇) where 
the angle of rotation function G ∈ C2([a, b],ℝ) solves an associated second order 
ODE with G(a) = 0 , G(b) = 휂 + 2휋m while −𝜋 ≤ 𝜂 < 𝜋 , m ∈ ℤ [see (16) below] 
and 퐇 the n × n skew-symmetric matrix
with 퐏 in 퐎(n) (see, e.g., [11, 22, 31] and below). This therefore restricts the bound-
ary map 휑 by requiring 퐑 to have the block diagonal form [see (15)]
Alternatively upon computing the matrix exponential in the above description of 
퐐(r) = exp(G(r)퐇) , the twist path associated with a spherical twist solution u here 
can be written as,
where R[s] = exp(s퐉) is the usual 2 × 2 rotation matrix
Furthermore it follows that for the spherical twists of the form (14) one can trans-
late (2) into an associated ODE for G = G(r;m) given by
(10)휑(x) =
{
퐈 x|x|−1 휕핏n
a
= {x ∶ |x| = a},
퐑 x|x|−1 휕핏n
b
= {x ∶ |x| = b},
(11)
픽 [퐐𝜃] =
∫
핏n
F(|∇[퐐𝜃]|2) dx =
∫
핊n−1
∫
b
a
F
(
n − 1
r2
+ |퐐̇𝜃|2
)
rn−1 drdHn−1.
(12)퐇 = 퐏diag(퐉,… , 퐉)퐏t, 퐉 =
[
0 − 1
1 0
]
,
(13)퐑 = 퐏diag(R[휂],… ,R[휂])퐏t, 휂 ∈ [−휋,휋).
(14)퐐(r) = exp(G(r)퐇) = 퐏diag(R[G](r),… ,R[G](r))퐏t,
(15)R[s] =
[
cos s − sin s
sin s cos s
]
.
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where −𝜋 ≤ 𝜂 < 𝜋 and m ∈ ℤ [cf. (13)]. Under the stated convexity and monoto-
nicity assumptions on F it can be shown, using variational methods, that the above 
two-point boundary-value problem has a unique solution G = G(r;m) of class C2 for 
every m ∈ ℤ (cf. [11] for details).
Now in the particular case of the Dirichlet energy (with F(t) ≡ t ) the system (2) 
reduces to the well-known harmonic map equation into spheres, that is,
If a twice continuously differentiable spherical twist is a solution to (17) then it will 
be referred to as a spherical harmonic twist. Using the divergence theorem it is not 
difficult to see that if u is a spherical twist with a weakly differentiable twist path 
then the Dirichlet energy of u = 퐐(|x|)x|x|−1 reduces to (see [31] for details)
where 휔n = |픹n| . Thus the candidate spherical twist solutions u = 퐐(r)x|x|−1 to (17) 
will have to have their twist paths arising as extremals of this reduced energy. Anal-
ysis of the resulting ODE in conjunction with (17) then implies that for n even these 
spherical twists must correspond to twist paths of the form
where the angle of rotation function G(r;m) = (휂 + 2휋m)N(r) is the solution to (16) 
with the profile N = N(r) (with a ≤ r ≤ b ) being given explicitly by
A careful analysis using (17) and (19) then reveals that for n even every such 
퐐 = 퐐(r;m) results in a spherical harmonic twist u(x) = 퐐(|x|;m)x|x|−1 . In sharp 
contrast for n odd this can happen only when 퐐 ≡ 퐈 and therefore the only spherical 
harmonic twists here are the radial projections u(x) = Π(x) = x|x|−1 . (See [31] for 
(16)
⎧
⎪
⎨
⎪
⎩
d
dr
�
F�
�
n−1
r2
+ Ġ(r)2
�
rn−1Ġ(r)
�
= 0, a < r < b,
G(a) = 0,
G(b) = 𝜂 + 2𝜋m,
(17)퐇퐌퐄[u;핏n,핊n−1] ∶=
⎧
⎪
⎨
⎪
⎩
Δu + �∇u�2u = 0 in 핏n,
�u� = 1 in 핏n,
u = 휑 on 휕핏n.
(18)
픽 [u;핏n] =
∫
핏n
|∇u|2 =
∫
핊n−1
∫
b
a
(
n − 1
r2
+ |퐐̇𝜃|2
)
rn−1 drdHn−1
= n𝜔n
∫
b
a
[
n − 1
r2
+
|퐐̇|2
n
]
rn−1 dr,
(19)퐐(r;m) = exp(G(r;m)퐇) = exp((휂 + 2휋m)N(r)퐇), m ∈ ℤ,
(20)N(r) ∶=
⎧
⎪
⎨
⎪
⎩
ln r∕a
ln b∕a
for n = 2,
(r∕a)2−n − 1
(b∕a)2−n − 1
for n > 2.
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details.) Now to discuss the stability and local minimising properties of these spheri-
cal harmonic twists we move on to the second variation of the energy and examining 
its positivity.2
The second variation of the Dirichlet energy at the spherical harmonic twist 
u(x) = 퐐(|x|;m)x|x|−1 , with 퐐 as in (19), in the direction 휙 ∈ C∞
0
(𝕏n,ℝn) and with 
휙̂ = DΠ(u)휙 = 휙 − ⟨휙, u⟩u denoting the tangential part of the variation 휙 , is seen to 
be, (see Appendix for derivation)
We find that this second variation is positive definite providing 휁 = 휂 + 2휋m is 
smaller than a bound hence putting restraints on the twist path r ↦ 퐐(r) . The anal-
ysis relates to examining the restricted energy and studying the Jacobi fields and 
conjugate points along the twist paths 퐐 = 퐐(r) on 퐒퐎(n) . We obtain explicitly the 
conjugate points by invoking the root system of the compact Lie group 퐒퐎(n) and 
its Lie algebra 픰픬(n) . With these at hand we then move on to proving the main result 
of the paper, giving conditions on a spherical harmonic twist to be a strong local 
energy minimiser. To achieve this we prove that under a suitable bound on the twist 
path there exists 𝛾 > 0 such that
and then translate this, by considering and analysing a modified energy involving the 
radial projection Π , into the desired minimality result.
Main Theorem (Dirichlet energy) Suppose n ≥ 3 and consider the spherical har-
monic twist u(x) = 퐐(|x|)x|x|−1 with x ∈ 핏n as solution to the nonlinear system 
퐇퐌퐄 (17). Then depending on n being odd or even we have
• (n odd) 퐐 ≡ 퐈n and 픽 [u ≡ x|x|−1;핏n] ≤ 픽 [v;핏n] ∀v ∈ W1,2(핏n,핊n−1) with v = u 
on 휕핏n.
• (n even) 퐐(r) = exp(G(r;m)퐇) = exp(휁N(r)퐇) with a ≤ r ≤ b , m ∈ ℤ , 
휁 = 휂 + 2휋m , and 퐇 as in (12). Furthermore we have the implication
(21)
d2
d𝜀2
픽 [Π(u + 𝜀𝜙)]
||||𝜀=0
= 2
∫
핏n
(
|∇�𝜙|2 −
[
n − 1
r2
+ Ṅ
2
(𝜂 + 2𝜋m)2
]
|�𝜙|2
)
dx.
(22)RHS (21) ≥ 훾‖휙̂‖2
W
1,2 , ∀휙̂ ∈ W
1,2
0
(𝕏n,ℝn) ∶ ⟨휙̂, u⟩ = 0,
|휁 | = ||G = 휁N||
L∞(a,b) ≤
n − 4
2n − 4
(
1 − (a∕b)n−2
)
⟹ (22).
2 For n ≥ 3 the radial projection u = x|x|−1 is known to be the minimiser of the Dirichlet energy (i.e., 
F(t) ≡ t ) over A2
휑
(픹) with 휑 = x|x|−1 on 휕픹 (see, e.g., [20] and for the related and more involved setting 
of weighted and p-energies see [6] and the list of references therein). A basic argument involving ”filling 
the hole” now leads to a similar minimality conclusion over A2
휑
(핏) . In view of this remark and the char-
acterisation of spherical harmonic twists for n odd as radial projections there will be no loss of general-
ity in restricting hereafter the investigation of stability and local minimality to n ≥ 2 even. (See also the 
comments preceding Theorem 2.)
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Therefore here ∃𝜀 > 0 such that ∀v ∈ W1,2(핏n,핊n−1) with v = u on 휕핏n , 
0 < ‖u − v‖L1 < 𝜀 ⟹ 픽 [u;핏n] < 픽 [v;핏n].
Let us finish off this introduction by making some comments on the theorem. 
Firstly for n odd, by part one of the theorem, the only spherical twist solution to 
퐇퐌퐄 (17) is the radial projection u = x|x|−1 in which case necessarily we must 
have 퐑 = 퐈 in (10). For n even, by contrast, there is a countably infinite family of 
twisting solutions to (17) all having the form u = 퐐(r;m)x|x|−1 ( m ∈ ℤ ) where 퐐 
is as described in the second part of the theorem. Next the bound on |휁 | as given in 
the second part of the theorem implies the positivity of the second variation of the 
energy, that is, (22) regardless of n ≥ 4 being odd or even. However its application 
to strong local minimality of spherical harmonic twists is mainly of interest for n 
even as for n odd the radial projection is a global energy minimiser. Thirdly the main 
strength of the theorem in the n even case comes from n ≥ 6 as for n = 4 the stated 
bound applies to the radial projection (with 휁 = 0 ) only. Fourthly by studying Jacobi 
fields and conjugate points on 퐒퐎(n) ( n ≥ 3 ) in Sect.  2 it will be shown that the 
second variation of the Dirichlet energy restricted to the space of twist paths [cf. 23] 
is positive definite at the stationary twist path 퐐(r) = 휁N(r)퐇 if only the weaker 
condition |𝜁 | < 𝜋 holds (compare with the bound on |휁 | in part two of the theorem). 
This has the interesting implication that for |𝜁 | > 𝜋 the spherical harmonic twist u 
is neither globally nor locally energy minimising as there would be variations in 
the form of spherical twists that minimise energy. Now since the Dirichlet energy 
certainly attains its infimum over the space A2
휑
(핏) for 휑 as in (10) it remains to be 
seen if the spherical harmonic twist u = exp(휁N(|x|)퐇)x|x|−1 is globally minimising 
when |휁 | satisfies the bound in the second part of the theorem. Finally for n = 2 and 
other related results we refer the reader to the appendix at the end.
2  The second variation of the reduced energy on 퐒퐎(n) : Conjugate 
points and Jacobi fields
In this section we examine the 픾-energy of twist paths 퐐 = 퐐(r) resulting from 
restricting the Dirichlet energy [that is, (1) with F(t) ≡ t ] to the space of spherical 
twists. This is given explicitly by the integral [compare with (18)]
The aim is to seek conditions on a stationary path 퐐 = 퐐(r) to ensure that the sec-
ond variation of the 픾-energy at 퐐 is positive. To simplify presentation from here 
on we assume n ≥ 3 , however, similar analysis can be carried out in the case n = 2 
[cf. (20)]. Now put B ∶= {퐐 ∈ W1,2(]a, b[, 퐒퐎(n)) ∶ 퐐(a) = 퐈n} and fix a station-
ary path 퐐 ∈ B of the 픾-energy. (Recall that boundary values of Sobolev maps are 
interpreted in the usual sense of traces.) By taking proper variations Γ휀 of 퐐 such 
(23)픾[퐐; 퐒퐎(n)] ∶=
∫
b
a
tr{[퐐̇]t[퐐̇]}rn−1 dr, 퐐̇ = d퐐∕dr.
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that dΓ∕d휀||휀=0 =퐌퐐 for some 퐌 ∈ C
∞
0
(]a, b[,필n×n
skew
) one can express the second 
variation of the 픾-energy at 퐐 in the tangential direction 퐌퐐 by
Here R is the Riemann curvature tensor and Dr denotes the covariant derivative with 
respect to r (see [10, 26]).3 It is not hard to see that the stationary paths of the 픾
-energy are given by the matrix exponential 퐐(r) = exp(N(r)퐀) with 퐀 skew-sym-
metric and N  as in (20) (see [31]). We now seek conditions on these stationary 
paths 퐐 = 퐐(r) to ensure that the second variation of the 픾-energy (23) at 퐐 is posi-
tive definite. In order to do so we study a suitably adapted form of Jacobi fields and 
conjugate points for the 픾-energy on the compact Lie group 퐒퐎(n) . Indeed here by 
a Jacobi field along 퐐 we mean a continuously differentiable vector field 휉 = 휉(r) 
defined on the stationary path 퐐 = 퐐(r) that is a solution to the second order linear 
ODE4
Now 퐅 ∈ 퐒퐎(n) is said to be conjugate to 퐈n along 퐐 = 퐐(r) iff 퐅 = 퐐(휌) for 
some 𝜌 > a and there exists a Jacobi field 휉 ≢ 0 along 퐐 that vanishes at a and 휌 . 
The study of the conjugate points here is deeply intertwined with the integral (index 
form)
Note that 2I(퐌,퐌) is exactly the second variation of the 픾-energy at 퐐 . Now 
the connection between conjugate points and the positivity of the second variation 
is classical and lies in the fact that if 퐐 ∈ B is a stationary path of the 픾-energy 
and if 퐐(a) has no conjugate points along 퐐 on (a, b] then I  is positive definite 
on the space of piecewise C1 vector fields 퐘 along 퐐 vanishing at r = a and b. (For 
more background on this and further references cf., e.g., [3] or [10] Theorem II.5.4). 
A stationary path 퐐 = 퐐(r) with a ≤ r ≤ b is locally minimising (among nearby 
paths) if there are no conjugate points to r = a along 퐐 at 휌 ∈]a, b] but it fails to 
be locally minimising past its first conjugate point. We therefore set ourselves the 
(24)
𝛿2픾[퐐; 퐒퐎(n)](퐌,퐌) =
d2
d𝜀2
픾[Γ𝜀; 퐒퐎(n)]
||𝜀=0
= 2
∫
b
a
[
|Dr(퐌퐐)|
2 +
⟨
퐐̇,R(퐌퐐, 퐐̇)퐌퐐
⟩]
rn−1 dr.
(25)Dr(rn−1Dr𝜉) + R(𝜉, 퐐̇)퐐̇rn−1 = 0, a < r < b.
I(퐌,퐍) =
∫
b
a
�
⟨Dr(퐌퐐),Dr(퐍퐐)⟩ +
�
퐐̇,R(퐌퐐, 퐐̇)퐍퐐
��
rn−1 dr.
4 Here we have modified the usual definition of a Jacobi field to account for the weight rn−1 in (23). 
Indeed a suitable change of scale transforms the 픾-energy (23) into the Dirichlet energy of 퐐 and sub-
sequently an application of the same change of scale to the Jacobi equation along geodesics gives (25). 
For more on Jacobi fields, conjugate points and their relation to the positivity of the second variation and 
local energy minimality see [3, 9, 10] and the references therein.
3 The reader is particularly reminded about the different sign conventions for the curvature tensor as 
used by authors and in literature.
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task of computing conjugate points to the identity 퐐(a) = 퐈n along certain stationary 
paths of the 픾-energy in B . Here the path r ↦ 퐐(r) = exp(N(r)퐀) will be taken on 
the infinite interval [a,∞) and to compute conjugate points we use some elements of 
the representation theory of compact Lie groups (for a nice introduction see [17, 24, 
25]). Note in particular that the paths 퐐 = 퐐(r) considered here specifically include 
those twist paths associated with spherical harmonic twists u = 퐐(|x|)x|x|−1 dis-
cussed earlier in Sect. 1. We exploit this connection further in Sect. 3.
Proposition 1 Assume n ≥ 3 and depending on n being even or odd suppose 
퐀 ∈ 픰픬(n) is the block diagonal skew-symmetric matrix
with (𝜁𝜎 ∶ 1 ≤ 𝜎 ≤ k) ⊂ ℝ . Put 퐐(r) = exp(N(r)퐀) with a ≤ r < ∞ and N  as in 
(20). Then the conjugate points to 퐐(a) = 퐈n along 퐐 = 퐐(r) are given by the collec-
tion of 퐒퐎(n) matrices 퐅 as formulated below:
• (n = 2k) Here 퐅±
휎휏
(m) = 퐐(휌±
휎휏
(m)) for 1 ≤ 𝜎 < 𝜏 ≤ k,
• (n = 2k + 1) Here 퐅±
휎휏
(m) = 퐐(휌±
휎휏
(m)) for 1 ≤ 𝜎 < 𝜏 ≤ k and 퐅̂휎(m) = 퐐(휌̂휎(m)) 
for 1 ≤ 휎 ≤ k.
Note that in either of the cases 0 ≤ m = m𝜎,𝜏 < |𝜁𝜎 ± 𝜁𝜏 |∕{2𝜋[1 − (b∕a)2−n]} and 
0 ≤ m = m𝜎 < |𝜁𝜎|∕{2𝜋[1 − (b∕a)2−n]} while the quantities 휌±휎휏(m) and 휌̂휎(m) are 
given respectively by
Additionally if 휁휎 = 0 or |휁휎 ± 휁휏 | = 0 , then the conjugate points are at infinity and 
so we omit the associated points 퐅±
휎휏
(m) and 퐅̂±
휎
(m) from the list.
Proof On a Lie group 퐆 the tangent bundle is trivial ( 퐆 is parallelisable) and 
the Riemann curvature endomorphism is given, for left invariant vector fields, 
X, Y , Z ∈ 픤 by the Lie bracket
In case of 퐆 = 퐒퐎(n) we have [X, Y] = XY − YX and the bi-invariant metric 
on 퐆 results from Killing form B(X, Y) = (n − 2)tr(XY) with X, Y ∈ 픤 = 픰픬(n) . 
(26)퐀(휁1,… , 휁k) =
{
diag(휁1퐉,… , 휁k퐉) if n = 2k,
diag(휁1퐉,… , 휁k퐉, 0) if n = 2k + 1,
(27)휌±
휎휏
(m) = N−1
(
2휋m
|휁휎 ± 휁휏 |
)
= a
{
1 + 2휋m
(b∕a)2−n − 1
|휁휎 ± 휁휏 |
} 1
2−n
,
(28)휌̂휎(m) = N−1
(
2휋m
|휁휎|
)
= a
{
1 + 2휋m
(b∕a)2−n − 1
|휁휎|
} 1
2−n
.
(29)R(X, Y)Z = 1
4
[Z, [X, Y]].
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(For the related jargon on curvature, geometry and representation of Lie groups as 
used here the reader is referred to [17, 19, 24].) Now given 퐀 as in (26) the path 
퐐(r) = exp(N(r)퐀) takes values on the maximal torus 핋 ⊂ 퐒퐎(n) of block diagonal 
rotation matrices given by
Let 픱 ⊂ 픰픬(n) denote the Lie algebra tangent to the maximal torus 핋 ⊂ 퐒퐎(n) , 
픥 = 픱
ℂ
= 픱 + i픱 the Cartan subalgebra associated with 핋  and Δ = Δ(픰픬(n)) ⊂ 픥⋆ 
the finite set of roots with 픥⋆ being the dual space to 픥 . Starting from the 
root space decomposition 픰픬(n)
ℂ
= 픱
ℂ
⊕𝛼∈Δ [픰픬(n)ℂ]𝛼 with [픰픬(n)ℂ]훼 denot-
ing the one dimensional root space associated with the root 훼 , specifically, 
[픰픬(n)
ℂ
]훼 = {퐘 ∈ 픰픬(n)ℂ ∶ ad퐀(퐘) = [퐀,퐘] = 훼(퐀)퐘 for all 퐀 ∈ 픥} it is seen that
for 퐘훼 ∈ [픰픬(n)ℂ]훼 , 퐀 ∈ 픱 , by noting that 훼(퐀) is purely imaginary for 퐀 ∈ 픱 . 
Thus by linearity in 퐘 the latter identity continues to hold for any 퐘 in the lin-
ear span of [픰픬(n)
ℂ
]±훼 . (For an explicit description of these spaces in the case of 
퐒퐎(n) see [17] pp. 40–1, 78–80.) This leads to the real root space decomposition 
픰픬(n) = 픱⊕𝛼∈Δ+ 픰픬(n)𝛼 where Δ+ is the set of positive roots and each 픰픬(n)훼 is a 
two dimensional real subspace [eigen-space] of [픰픬(n)
ℂ
]훼 on which (30) holds. 
Hence for 퐘훼 ∈ 픰픬(n)훼 , by recalling (29) we have 4R(퐘훼 ,퐀)퐀 = |훼(퐀)|2퐘훼 . Let 
퐐(r) = exp (N(r)퐀) and let E훼(r) = 퐘훼퐐 be the parallel vector field along 퐐 such 
that E훼(a) = 퐘훼 , with DrE훼 = 0 . Then, setting 휉훼(r) = u훼(r)E훼(r) , and referring to 
(25) we can write
It therefore follows that the vector field 휉훼(r) = u훼(r)E훼(r) is a Jacobi field along 퐐 
(i.e., 햩 = 0 ) iff u훼 satisfies the equation
Using the change of variables s↦ (r2−n|훼(퐀)|)∕(2(b2−n − a2−n)) this becomes the 
ODE 휕ssu훼 + u훼 = 0 . Hence solutions to this satisfying u훼(a) = 0 can be computed 
𝕋 ∶=
{
{diag(R[휃1],… ,R[휃k]) ∶ 휃1,… , 휃k ∈ ℝ} if n = 2k,
{diag(R[휃1],… ,R[휃k], 1) ∶ 휃1,… , 휃k ∈ ℝ} if n = 2k + 1.
(30)−ad2퐀[퐘훼] = [퐀, [퐘훼 ,퐀]] = [퐀,−훼(퐀)퐘훼] = |훼(퐀)|2퐘훼 ,
(31)
햩 = Dr(r
n−1Dr𝜉𝛼) + R(𝜉𝛼 , 퐐̇)퐐̇r
n−1
=
d
dr
(u̇𝛼r
n−1)E𝛼 + u𝛼Ṅ
2
R(E𝛼 ,퐀퐐)퐀퐐r
n−1
=
d
dr
(u̇𝛼r
n−1)E𝛼 + u𝛼Ṅ
2
(R(퐘𝛼 ,퐀)퐀)퐐r
n−1
=
d
dr
(u̇𝛼r
n−1)E𝛼 + u𝛼Ṅ
2 |𝛼(퐀)|2
4
E𝛼r
n−1.
(32)ü𝛼 +
n − 1
r
u̇𝛼 +
|𝛼(퐀)|2
4
Ṅ(r)2u𝛼 = 0.
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explicitly. Now for each 퐘 ∈ 픰픬(n) there is a unique Jacobi field satisfying the ini-
tial conditions 휉(a) = 0 and Dr휉(a) = 퐘 . Since for 퐘 ∈ 픱 we have R(퐘,퐀)퐀 = 0 and 
so the resulting Jacobi field is either trivial or vanishes in one point, in describing 
conjugate points it is enough to focus on 퐘 ∈ 픰픬(n)훼 . Indeed any such field along 퐐 
vanishing at r = a is of the form
for constants c훼 ∈ ℝ . We can therefore see that the zeros here occur only when 
|훼(퐀)|N(r) = 2m휋 with m integer. Now considering the range of N  and its 
inverse N−1 and noting a ≤ r < ∞ this restricts the values of m to the interval 
0 ≤ m < |𝛼(퐀)|∕2𝜋[1 − (b∕a)2−n] and gives
Thus to complete the description of the conjugate points it suffices to substitute 
for the roots 훼 ∈ Δ in (34). By standard results (see, e.g., [17] pp.  78–80 or [24] 
pp. 122–3) and with 퐀 as given by (26) these are:
• (n = 2k) Here 훼(퐀) = ±
√
−1 (휁휎 ± 휁휏 ) with 1 ≤ 𝜎 < 𝜏 ≤ k.
• (n = 2k + 1) Here 훼(퐀) = ±
√
−1 (휁휎 ± 휁휏 ) with 1 ≤ 𝜎 < 𝜏 ≤ k or 
훼(퐀) = ±
√
−1휁휎 with 1 ≤ 휎 ≤ k.
We can now explicitly describe all conjugate points to the identity along 퐐 via (34). 
This therefore completes the proof.   ◻
Theorem  1 Let n ≥ 3 and consider the stationary path 퐐(r) = exp (N(r)퐀) where 
r ≥ a , N  is as in (20) and 퐀 is as in (26). Assume additionally that
• (n = 2k) 1 < min{2𝜋∕|𝜁𝜎 ± 𝜁𝜏 | ∶ 1 ≤ 𝜎 < 𝜏 ≤ k}.
• (n = 2k + 1) 1 < min{2𝜋∕|𝜁𝜎 ± 𝜁𝜏 | ∶ 1 ≤ 𝜎 < 𝜏 ≤ k, 2𝜋∕|𝜁𝜎| ∶ 1 ≤ 𝜎 ≤ k}.
Then the second variation of the 픾-energy (23) is positive at 퐐 , i.e., the strict ine-
quality 𝛿2픾[퐐; 퐒퐎(n)](퐌,퐌) > 0 holds for all non-zero skew-symmetric matrix 
fields 퐌 ∈ C∞
0
(]a, b[,필n×n
skew
).
(33)
휉(r) =
∑
훼∈Δ+
u훼(r)E훼(r) =
∑
훼∈Δ+
c훼 sin
(
|훼(퐀)|
2
r2−n − a2−n
b2−n − a2−n
)
E훼(r)
=
∑
훼∈Δ+
c훼 sin
(
|훼(퐀)|
2
N(r)
)
E훼(r)
(34)r = N−1
(
2휋m
|훼(퐀)|
)
=
{
a2−n +
2m휋
|훼(퐀)|
(b2−n − a2−n)
} 1
2−n
.
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Proof The second variation of 픾 is positive at 퐐 if there are no conjugate points to 
퐐(a) = 퐈n along 퐐 in (a, b]. Now the calculations in Proposition 1 reveal that the 
first conjugate point to 퐈n along 퐐 occurs at 퐐(휌) where
Therefore if 𝜌 > b then there will be no conjugate points to 퐈n along 퐐 on (a, b]. 
The conclusion of the theorem now follows by substituting the expressions for 
휌±
휎휏
(1) , 휌̂휎(1) and rearranging.   ◻
Remark 1 Any closed geodesic 퐐 = 퐐(t) ( 0 ≤ t ≤ 1 ) on 퐒퐎(n) (with n ≥ 3 ) based at 
identity 퐈n has the form 퐐(t) = 퐏exp(t퐀)퐏t where 퐀 is as in (26), 휁j = 2휋mj , mj ∈ ℤ 
for 1 ≤ j ≤ k and 퐏 ∈ 퐎(n) . Here 휋1[퐒퐎(n)] ≅ ℤ2 and depending on the parity of 
m = m1 +⋯ + mk being even or odd 퐐 represents the trivial or non-trivial element of 
휋1[퐒퐎(n)] . When all but one of the mj s are zero and m = ±1 the resulting geodesic is 
energy minimising in its homotopy class and hence locally energy minimising. It is seen 
that here the only non-zero root value verifies |훼(퐀)| = 2휋 and so by the argument in 
Proposition 1 the first conjugate point to 퐈n along 퐐 occurs at t = 1 (a complete closed 
loop) in line with the minimality of 퐐 . The only other energy minimising geodesic 
occurs now when all mj are zero 퐐(t) ≡ 퐈n and this is globally minimising.
Proceeding forward now and with a view towards comparing the positivity of the 
second variations of two closely related energies, namely, the 픾-energy (23) at a 
stationary twist path 퐐 = 퐐(r) and the 픽-energy (18) at the associated spherical har-
monic twist u = 퐐(|x|)x|x|−1 , we next introduce a naturally arising third energy for 
weakly differentiable curves on 핊n−1 by the weighted integral
Aiming to understand the form and structure of energy minimisers, it is seen that 
the stationary curves 훾 satisfy the associated Euler–Lagrange equation, here the sec-
ond order ODE,
Moreover by going a step further the resulting second variation of this 픾-energy at 
any such stationary curve 훾 is described by the quadratic form
where 휙 ∈ C∞
0
(]a, b[,ℝn) , 휙̂ = 휙 − ⟨훾 ,휙⟩훾 and �̇𝜙 = d �𝜙∕dr . Now upon integrating 
the ODE (36) we have the following characterisation of its solutions.
𝜌 =
{
min
{
𝜌±
𝜎𝜏
(1) ∶ 1 ≤ 𝜎 < 𝜏 ≤ k
}
if n = 2k,
min
{
𝜌±
𝜎𝜏
(1) ∶ 1 ≤ 𝜎 < 𝜏 ≤ k, �𝜌𝜎(1) ∶ 1 ≤ 𝜎 ≤ k
}
if n = 2k + 1.
(35)픾[𝛾;핊n−1] ∶=
∫
b
a
|?̇?|2rn−1 dr, ?̇? = d𝛾∕dr, 𝛾 ∈ W1,2(]a, b[,핊n−1).
(36)?̈? + n − 1
r
?̇? + |?̇?|2𝛾 = 0, a < r < b.
(37)
𝛿2픾[𝛾;핊n−1](�𝜙, �𝜙) =
d2
d𝜀2
픾[𝜋(𝛾 + 𝜀𝜙)]
||||𝜀=0
= 2
∫
b
a
[
| �̇𝜙|2 − |?̇?|2|�𝜙|2
]
rn−1 dr,
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Lemma 1 Let 훾 ∈ W1,2(]a, b[,핊n−1) be a stationary curve of the 픾-energy (35), that 
is, it is a twice continuously differentiable solution to (36). Then |?̇?|2r2n−2 ≡ c2 for 
some constant c and all a < r < b.
Proof Let 훾 as described satisfy (36). Then by a direct differentiation we can write 
d�?̇?�2∕dr = 2⟨?̇? , ?̈?⟩ = −2∕r⟨?̇? , (n − 1)?̇?⟩ − 2�?̇?�2⟨?̇? , 𝛾⟩ = −2(n − 1)∕r�?̇?�2 where in 
deducing the last equality we have used the fact that 훾 takes values on the unit 
sphere, i.e., |훾|2 = 1 . The assertion now follows by integration.   ◻
Using the fact that the round sphere has constant scalar curvature combined 
with an analysis similar to that given earlier in the section we prove the following 
statement.
Proposition 2 Let n ≥ 3 and suppose 훾 is a stationary curve of the 픾-energy 
(35) with |?̇?|2 = c2r2(1−n) by Lemma  1. Assume |c| < 𝜋(n − 2)∕(a2−n − b2−n) . 
Then the 픾-energy has a positive second variation at 훾 , that is, for all non-zero 
휙 ∈ C
∞
0
(]a, b[,ℝn) we have 𝛿2픾[𝛾](�𝜙, �𝜙) > 0 where 휙̂ = 휙 − ⟨훾 ,휙⟩훾.
Proof The 픾-energy (35) has a positive second variation at 훾 if there are no conju-
gate points to 훾(a) along 훾 in (a, b], that is, there are no non-trivial vector fields 휉 
along 훾 satisfying for a < 𝛽 ≤ b the equation
Here R denotes the Riemann curvature tensor of 핊n−1 where by virtue of 핊n−1 having 
constant sectional curvature one, we have R(𝜉, ?̇?)?̇? = ⟨?̇? , ?̇?⟩𝜉 − ⟨?̇? , 𝜉⟩?̇? . Thus arguing 
in the usual way, by taking a normal vector field 휉(r) = u(r)E(r) along 훾 with E(r) 
parallel and the coefficient u = u(r) to be specified, it is seen that
Referring to (38) it is thus seen that a normal Jacobi field along 훾 vanish-
ing at r = a is a linear combination of normal Jacobi fields given explicitly by 
휉(r) = 햠 sin(|c|(a2−n − r2−n)∕(n − 2))E(r) with 햠 ∈ ℝ.5
As conjugate points can now be computed by finding the zeros of the Jacobi field 
휉 , i.e., solving 휉(r) = 0 , it follows that subject to the given bound on |c| in the propo-
sition there are no conjugate points along 훾 to a and so the conclusion follows.   ◻
(38)
⎧
⎪
⎨
⎪
⎩
Dr(r
n−1Dr𝜉) + R(𝜉, ?̇?)?̇?r
n−1 = 0,
𝜉(a) = 0,
𝜉(𝛽) = 0.
(39)Dr(rn−1Dr𝜉) + R(𝜉, ?̇?)?̇?rn−1 =
(
ü +
n − 1
r
u̇ + |c|2r2(1−n)u
)
Ern−1.
5 Here we can restrict to normal Jacobi fields only as firstly any Jacobi field can be written as a lin-
ear combination of a normal Jacobi field and the tangential ones ?̇? , r2−n?̇? and secondly the Jacobi field 
(햠1 + 햠2r
2−n)?̇? is either trivial (i.e., ≡ 0 ) or has at most one zero (at r = a).
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It is a straightforward calculation to verify that for n even and with 
퐀 = diag(휁퐉,… , 휁퐉) the smooth curve r ↦ 훾(r) = exp (N(r)퐀)휃 with a ≤ r ≤ b is 
a stationary curve of (35) for any fixed 휃 ∈ 핊n−1 and 휁 ∈ ℝ . Using Theorem 1 we 
see that on the one hand the associated twist path r ↦ 퐐(r) = exp (N(r)퐀) has a 
positive second variation if |𝜁 | < 𝜋 . On the other hand upon considering the curve 
훾(r) = exp (N(r)퐀)휃 it is seen that
and so by invoking Proposition 2 it follows that the energy has a positive second 
variation at 훾 if
which upon rearranging yields |𝜁 | < 𝜋 . Collecting the above calculations we have 
the following nice proposition.
Proposition 3 Let 퐐(r) = exp (N(r)퐀) where 퐀 = diag(휁퐉,… , 휁퐉) and |𝜁 | < 𝜋 . The 
픾-energies (23) and (35) have positive definite second variations at 퐐 = 퐐(r) and 
훾 = 훾(r) = 퐐(r)휃 respectively.
3  Strong local minimisers and the stability of spherical harmonic 
twists
Recall that for n even the spherical twist u(x) = 퐐(|x|)x|x|−1 with the twist path 
퐐 = 퐐(r;m) = exp (휁N(r)퐇) where 휁 = 2휋m + 휂 , m ∈ ℤ and 퐇 = diag(퐉,… , 퐉) 
constitutes a solution to (17), i.e., is a spherical harmonic twist in A2
휑
 . Here the 
boundary map is given by (10) where 퐑 = diag(R[휂],… ,R[휂]) and 휂 ∈ [−휋,휋) . 
Now referring to the description of the second variation of the Dirichlet energy 픽  in 
Appendix 1 we have that 픽  has a positive second variation at u iff,
for all non-zero 휙 ∈ W1,2
0
(𝕏n,ℝn) with 휙̂ = 휙 − ⟨u,휙⟩u . Thus here we are after con-
ditions to ensure that the integral on the right in (41) is strictly positive for all non-
zero 휙̂ ∈ W1,2
0
(𝕏,ℝn) satisfying ⟨휙̂, u⟩ = 0 almost everywhere in 핏n . When u is the 
spherical harmonic twist given above, by a basic calculation, the second variation 
(41) can be explicitly written as
|?̇?(r)|2 = Ṅ(r)2|퐀퐐(r)𝜃|2 = Ṅ(r)2|𝜁 |2 =
(n − 2)2|𝜁 |2
(a2−n − b2−n)2
r2−2n = |c|2r2−2n,
(40)a2−n − b2−n <
(n − 2)
|c|
𝜋 = (n − 2)𝜋
a2−n − b2−n
|𝜁 |(n − 2)
(41)d
2
d𝜀2
픽 [Π(u + 𝜀𝜙)]
||||𝜀=0
= 2
∫
핏n
(
|∇�𝜙|2 − |∇u|2|�𝜙|2
)
dx > 0
(42)
d2
d𝜀2
픽 [Π(u + 𝜀𝜙)]
||||𝜀=0
=
d2
d𝜀2 ∫핏
|∇[Π(u + 𝜀𝜙)]|2
||||𝜀=0
= 2
∫
핏n
(
|∇�𝜙|2 −
[
n − 1
r2
+ Ṅ(r)2|𝜁 |2
]
|�𝜙|2
)
dx.
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In this section we show that by suitably bounding 휁 = 2휋m + 휂 the energy at the 
spherical harmonic twist u will have a positive second variation and with a further 
refined analysis that it furnishes a strong local minimiser of the energy.
Lemma 2 Let n ≥ 3 and 퐐 = 퐐(r) in C([a, b], 퐒퐎(n)) be an arbitrary twist path. 
Then the inequality
holds for all 휙 ∈ C∞
0
(𝕏n,ℝn) with ⟨휙,퐐(�x�)x�x�−1⟩ = 0 everywhere in 핏n.
Proof Pick 휙 ∈ C∞
0
(𝕏n,ℝn) satisfying the pointwise orthogonality condition 
⟨휙,퐐(r)휃⟩ = 0 in 핏n . Using spherical polar coordinates we can then write
where on the third line we have set 휙r(휃) = 휙(r휃) for a ≤ r ≤ b and |휃| = 1 . The 
idea now is to bound each of the two terms 햩1 and 햩2 separately. We first note that the 
quadratic form 햧 given by the spherical integral
for f ∈ C∞(𝕊n−1,ℝn) satisfying ⟨f , 휃⟩ = 0 represents the second variation of the 
Dirichlet energy on the sphere evaluated at the identity map 휑 ∶ 휃 ↦ 휃 . Hence upon 
invoking well known results on the spectrum of the corresponding Jacobi operator 
(cf., e.g., [21, 26]) we have
for all f ∈ C∞(𝕊n−1,ℝn) satisfying ⟨f , 휃⟩ = 0 . Now setting f (r휃) = 퐐t(r)휙(r휃) it is 
easily seen that ⟨f , 휃⟩ = ⟨휙,퐐휃⟩ = 0 for all r ∈ [a, b] . Hence, in view of the 퐒퐎(n)
-invariance of the norms in (46), using a basic density argument, it follows that,
(43)
�
핏n
(
|∇휙|2 − (n − 1)
|휙|2
|x|2
)
dx ≥
(n − 4)2
4 �핏n
|휙|2
|x|2
dx,
(44)
햩[휙;퐐] ∶=
∫
핏n
(
|∇휙|2 − (n − 1)
|휙|2
|x|2
)
dx
=
∫
b
a ∫{|휔|=r}
(||||
휕휙
휕r
||||
2
+ |∇휔휙|
2 − (n − 1)
|휙|2
r2
)
drdHn−1(휔)
=
∫
핏n
||||
휕휙
휕r
||||
2
dx +
∫
b
a ∫{|휃|=1}
1
r2
(|∇휃휙r|
2 − (n − 1)|휙r|
2)dHn−1(휃)rn−1dr
= 햩1 + 햩2,
(45)햧(f , f ) =
∫
핊n−1
(
|∇휃f |
2 − (n − 1)|f |2
)
dHn−1(휃),
(46)
�
핊n−1
|∇휃f |
2 dHn−1(휃) ≥ 2
�
핊n−1
|f |2 dHn−1(휃),
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for all r ∈ [a, b] and so in the notation of (45) we have
Referring to (44), upon substitution and a rescaling, this therefore leads to the lower 
bound on 햩2 as,
We next give a lower bound on 햩1 by using a Hardy type inequality. Indeed again 
using polar coordinates and an integration by parts we have
Hence by an application of Young’s inequality this gives
and subsequently by rearranging terms it follows that
Note that equality in Young’s inequality occurs only if (n − 2)휙 = 2r휕휙∕휕r which 
then implies 휙 ≡ 0 . Thus, summarising, by combining the above bounds, namely, 
(48) and (51) we obtain
�
핊n−1
|∇휃휙(r휃)|
2 dHn−1(휃) ≥ 2
�
핊n−1
|휙(r휃)|2 dHn−1(휃)
(47)
햧(휙r,휙r) =
�
핊n−1
(|∇휃휙r|
2 − (n − 1)|휙r|
2)dHn−1(휃) ≥ −(n − 3)
�
핊n−1
|휙r|
2dHn−1(휃).
(48)
햩2 =
�
b
a �핊n−1
1
r2
(|∇휃휙r|
2 − (n − 1)|휙r|
2)dHn−1(휃)rn−1dr
≥ −(n − 3)
�
b
a �핊n−1
|휙r|
2 dHn−1(휃)rn−3dr
≥ −(n − 3)
�
핏n
|휙|2
|x|2
dx.
(49)
∫
핏n
�휙�2
r2
dx =
1
n − 2 ∫핊n−1 ∫
b
a
�휙r�
2 d(r
n−2)
dr
drdHn−1(휃)
= −
2
n − 2 ∫핊n−1 ∫
b
a
⟨휙r, 휕휙r∕휕r⟩r
n−2 drdHn−1(휃).
(50)
�
핏n
|휙|2
r2
dx ≤
1
2 �핏n
|휙|2
r2
dx +
2
(n − 2)2 �핏n
||||
휕휙
휕r
||||
2
dx,
(51)
�
핏n
|휙|2
r2
dx ≤
4
(n − 2)2 �핏n
||||
휕휙
휕r
||||
2
dx =
4
(n − 2)2
× 햩1.
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which is the required conclusion.   ◻
We can now prove one of the main results of the paper. Note that the bound (53) 
on 휁 is stronger than the bound |𝜁 | < 𝜋 which is the condition required by Proposi-
tion  3. Note also that for the cases n ≥ 3 odd the conclusion of the theorem still 
applies (of course with |n − 4| in (53) for n = 3 ) to the spherical harmonic twist 
u = Π(x) = x|x|−1 (corresponding to 휁 = 0 ). However as in odd dimensions radial 
projections are the only spherical harmonic twists and are indeed globally minimis-
ing in A2
휑
(핏) below for definiteness we confine only to the remaining cases, i.e., 
n ≥ 4 even.
Theorem  2 Let n ≥ 4 be even and u = 퐐(r)x|x|−1 be a spherical harmonic twist. 
Write 퐐(r) = exp (G(r)퐇) = exp (휁N(r)퐇) where 퐇 = diag(퐉,… , 퐉) and 휁 ∈ ℝ and 
suppose that
Then the second variation of the Dirichlet energy at the spherical harmonic twist u 
is positive, that is,
for all non-zero 휙 ∈ W1,2
0
(𝕏n,ℝn) satisfying ⟨휙,퐐(r)x�x�−1⟩ = 0 a.e. in 핏n.
Proof We first use a density argument to extend the conclusion of Lemma  2 to 
all 휙 ∈ W1,2
0
(𝕏n,ℝn) satisfying ⟨휙,퐐휃⟩ = 0 a.e. in 핏n where 퐐 is as given above. 
Towards this end fix 휙 as described and pick (gj ∶ j ≥ 1) in C∞0 (𝕏n,ℝn) so that 
gj → 휙 in W1,20 (𝕏n,ℝn) and put 휙j(x) = gj(x) − ⟨gj(x),퐐(r)휃⟩퐐(r)휃 for x ∈ 핏n.
Then it is easily seen that 휙j ∈ C∞0 (𝕏n,ℝn) , ⟨휙j,퐐휃⟩ = 0 in 핏n while (휙j) 
is bounded in W1,2
0
(𝕏n,ℝn) . As gj → 휙 , ⟨gj,퐐휃⟩ → 0 a.e. in 핏 this gives 휙j → 휙 
a.e. in 핏 . Thus by passing to a subsequence if necessary 휙j ⇀ 휙 in W1,20 (𝕏n,ℝn) 
and so by an application of Mazur’s Lemma a convex combination of 휙j s (still 
lying in C∞
0
(𝕏,ℝn) and satisfying the orthogonality condition) converges to 휙 in 
W
1,2
0
(𝕏n,ℝn) . Finally as (43) holds for this approximating sequence built from (휙j) , 
by passing to the limit j ↗ ∞ , it follows that the same must be true for 휙 . Moving 
on therefore we can write
(52)
햩[휙;퐐] =
�
핏n
(
|∇휙|2 − n − 1
|x|2
|휙|2
)
dx ≥
(
(n − 2)2
4
− (n − 3)
)
�
핏n
|휙|2
|x|2
dx
≥
(n − 4)2
4 �핏n
|휙|2
|x|2
dx,
(53)|휁 | = ||G = 휁N||L∞(a,b) ≤
(n − 4)
2(n − 2)
(1 − (a∕b)n−2).
(54)
∫
핏n
(
|∇𝜙|2 − |∇u|2|𝜙|2
)
dx > 0,
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where in the last inequality we have used the assumed bound (53) while in the 
penultimate inequality we have used 휙 ≢ 0 and the formulation of N .6   ◻
We now move on to establishing the local minimality in energy space and for 
natural choices of metrics from the earlier results on the positivity of second varia-
tions. The first statement below is functional analytic in nature and uses a classical 
technique based on the Taylor expansion of the energy functional in the vicinity of a 
stationary map adapted to the manifold-valued context. The twice Fréchet differenti-
ability assumption on the energy here restricts the scope of the result mainly to ener-
gies of curves and twist paths (see Sect. 2) with the energy integral having a strictly 
quadratic dependence on the gradient argument. Next we turn to the proof of the 
main theorem and use a different and more direct expansion of the energy integral 
by invoking the so-called Weierstrass excess function and the sufficiency theorems 
for strong local minimisers as discussed in [27, 28].
For the sake of the following theorem M ⊂ ℝm is taken a compact smooth 
manifold with a tubular neighbourhood U ⊂ ℝm and nearest point projection 
ΠM ∶ U → M which is both well-defined and smooth. For Ω ⊂ ℝn a bounded 
Lipschitz domain, 휑 ∈ C1(휕Ω,M) a fixed boundary map and given 픽 = 픽 [v] on 
M ∶= W
1,2
휑
(Ω,M) = {v ∈ W1,2(Ω,M) ∶ v = 휑 on 휕Ω} we set
The second term of I in (56) is quadratic and penalises the deviation of v from its 
pointwise projection ΠM(v) . Thus I[v] = 픽 [v] if v ∈M  . We assume that I agrees 
with a twice continuously Fréchet differentiable functional (still denoted I) in an 
open neighbourhood O of a stationary map u ∈M  (see below) in W1,2
휑
(Ω,ℝm) . Note 
the inclusions W1,2
𝜑
(Ω,ℝm) ⊃ �M ⊃M  . See also Remark  2 for related and further 
discussion.
Theorem 3 Let M,ΠM , 픽 , I,M  and M̂  be as above. Assume that u ∈M  is of class 
C
1 and is a stationary map of the energy 픽  on M  , that is, for every 휙 ∈ C∞
0
(Ω,ℝm) , 
we have
(55)
LHS (54) =
�
핏n
(
|∇𝜙|2 −
[
n − 1
r2
+ Ṅ(r)2|𝜁 |2
]
|𝜙|2
)
dx
≥
�
핏n
(
(n − 4)2
4r2
|𝜙|2 − Ṅ(r)2|𝜁 |2|𝜙|2
)
dx
>
[
(n − 4)2
4
−
a4−2n(n − 2)2
(b2−n − a2−n)2
|𝜁 |2
]
�
핏n
|𝜙|2 dx
|x|2
≥ 0,
(56)I[v] = 픽 [ΠM(v)] + ||ΠM(v) − v||2W1,2 , v ∈ �M ∶= W
1,2
𝜑
(Ω,U) ⊃M.
6 Note that since the upper bound in (53) is less than 휋 and 휁 = 2휋m + 휂 with 휂 ∈ [−휋,휋) , it 
must be that m = 0 . Also if the inequality in (53) is strict then one can formally improve (54) to 
훿2픽 [u](휙,휙) ≥ 훾||휙||2
L2(핏)
 with 𝛾 > 0 . We strengthen (54) shortly using only (53).
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Furthermore assume that there exists 𝛾 > 0 such that
Then there exist 𝜀, 𝜎 > 0 such that for every v ∈M  satisfying ‖v − u‖
W
1,2 < 𝜀 we 
have 픽 [v] − 픽 [u] ≥ 휎||v − u||2
W
1,2
.
Proof By choosing U smaller if necessary we assume that the derivatives of ΠM are 
uniformly bounded on U and so in particular v ∈ M̂ ⟹ ΠM(v) ∈M .
Consider now the energy I = I[v] for v ∈ O as above. Then as I is twice continu-
ously Fréchet differentiable, to justify the assertion, it is enough to show that its first 
derivative vanishes at u while its second derivative is positive at u. Towards this end 
pick 휙 ∈ C∞
0
(Ω,ℝm) and for 휀 ∈ ℝ put u휀 = u + 휀휙 . Then for 휀 sufficiently small, u휀 
takes values in U and thus ΠM(u휀) is well-defined, lies in M  and agrees with u when 
휀 = 0 . Moreover ΠM(u휀) = u + 휀DΠM(u)휙 + o(휀) . We compute the first derivative 
of I at u and verify that it indeed vanishes:
by virtue of u being a stationary map [cf. (57)] and the regularising energy term in 
(56) being quadratic. Similarly for the second derivative of I at u we can compute:
where we have used (58). Now for I[v] with v ∈ O , using the twice continuous Fré-
chet differentiability of I in O and by writing the Taylor expansion of I in the vicinity 
of u in O , we have
(57)d
d휀
픽 [ΠM(u + 휀휙)]
||||휀=0
= 0.
(58)d
2
d휀2
픽 [ΠM(u + 휀휙)]
����휀=0
≥ 2훾‖DΠM(u)휙‖
2
W
1,2 .
(59)
DI[u](휙) =
d
d휀
I[u휀]
����휀=0
=
d
d휀
픽 [ΠM(u휀)]
����휀=0
+
d
d휀
‖u휀 − ΠM(u휀)‖
2
W
1,2
����휀=0
=
d
d휀
‖휀휙 − 휀DΠM(u)휙 + o(휀)‖
2
W
1,2
����휀=0
= 0,
(60)
D2I[u](휙,휙) =
d2
d휀2
I[u휀]
����휀=0
=
d2
d휀2
픽 [ΠM(u휀)]
����휀=0
+
d2
d휀2
‖u휀 − ΠM(u휀)‖
2
W
1,2
����휀=0
≥ 2훾‖DΠM(u)휙‖
2
W
1,2 + 2‖휙 − DΠM(u)휙‖
2
W
1,2
≥
2훾‖휙‖2
W
1,2
훾 + 1
,
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where we have used (60) and density to deduce the last inequality subject to 
||v − u||
W
1,2 being sufficiently small. The conclusion now follows by additionally 
restricting v to M  .   ◻
Remark 2 For Ω ⊂ ℝ a bounded interval ( n = 1 ) W1,2
𝜑
(Ω,U) ⊂ W1,2
𝜑
(Ω,ℝm) is open. 
Thus it is enough for I in (56) to be twice continuously Fréchet differentiable in an 
open neighbourhood O of u in W1,2
휑
(Ω,U) and no extension of I is needed. The twice 
continuous Fréchet differentiability here is well studied and classical. In particular 
the 픾-energies in Sect. 2 satisfy this condition (cf. [9, 23] for more).
More generally for an energy integral 픽 = 픽 [v] with integrand F = F(x, v,∇v) 
one can extend I in (56) to O = W1,2
휑
(Ω,ℝm) by considering the integrand 
f (x, v,∇v) = 휓(v)[F(x,ΠM(v),∇ΠM(v)) + |∇ΠM(v) − ∇v|2] where 휓 ∈ C∞0 (ℝm) 
verifies 0 ≤ 휓 ≤ 1 , 휓 ≡ 1 on U and 휓 ≡ 0 outside V. Here U ⊂⊂ V ⊂⊂ ℝm are suf-
ficiently small tubular neighbourhoods of M in ℝm.
One can also pass in Theorem  3 to weaker metrics for local minimisers, e.g., 
L1 , subject to the energy satisfying suitable coercivity and bounds (see [29] and 
Remark 3 below for more). Again these are satisfied by the 픾-energies in Sect. 2.
Remark 3 The most natural choice of metric for considering local minimisers of the 
Dirichlet energy 픽 [u] over A2
휑
(핏n) is of course the W1,2-metric. Using an indirect 
argument we can show however that here any W1,2-local minimiser of the energy is 
indeed an L1-local minimiser. More specifically that if for a given u ∈ W1,2(핏,핊n−1) 
there exists 𝛿 > 0 such that for every v ∈ W1,2(핏n,핊n−1) with v = u on 휕핏n satisfy-
ing ||u − v||
W
1,2 < 𝛿 we have 픽 [u] ≤ 픽 [v] then we indeed have the stronger conclu-
sion that there exists 𝜀 > 0 such that for every v ∈ W1,2(핏n,핊n−1) with v = u on 휕핏n 
satisfying ||v − u||L1 < 𝜀 we have the energy inequality 픽 [u] ≤ 픽 [v].
To justify this assume for the sake of a contradiction that the assertion is false. 
Then there exists vj ∈ W1,2(핏n,핊n−1) with vj = u on 휕핏n and vj → u in L1 such that 
픽 [vj] < 픽 [u] . This in particular results in (vj) being bounded in W1,2 and so in view 
of the strong convergence in L1 , upon passing to a subsequence if necessary, vj ⇀ u 
in W1,2 . By combining this weak convergence with the convergence of the ener-
gies 픽 [vj] → 픽 [u] (note that 픽 [u] ≤ lim 픽 [vj] and 픽 [vj] < 픽 [u] ) and writing the basic 
identity
(61)
I[v] = I[u] + DI[u] [v − u] +
1
2
D2I[u] [v − u, v − u] + o
�
‖v − u‖2
W
1,2
�
= I[u] +
1
2
D2I[u] [v − u, v − u] + o(‖v − u‖2
W
1,2 )
≥ I[u] +
훾∕2
훾 + 1
‖v − u‖2
W
1,2 ,
∫
핏n
�∇vj − ∇u�
2 dx =
∫
핏n
�
�∇vj�
2 − �∇u�2
�
dx +
∫
핏n
2⟨∇u,∇(u − vj)⟩ dx,
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it finally follows that ||vj − u||W1,2 → 0 as j ↗ ∞ which along with 픽 [vj] < 픽 [u] con-
tradicts u being a local minimiser with respect to the W1,2-metric. Thus u is a local 
minimiser with respect to the L1-metric as claimed and the proof is complete. (For 
more on this see [27, 28, 30].)
Proof of the Main Theorem We justify each of the two parts in the conclusion of the 
theorem separately.
Part 1. Consider the case n ≥ 3 odd. Here the only spherical harmonic twists are 
the radial projections u ≡ x|x|−1 corresponding to 퐐(r) ≡ 퐈n (cf. [31]). Thus in par-
ticular 퐑 = 퐈n in (10). We now show that u is the global minimiser of the Dirichlet 
energy 픽  over A2
휑
(핏n) with this choice of 휑 (note that this part of the statement is 
true regardless of n being even or odd). Indeed if this were not the case then there 
would be a map v ∈ A2
휑
(핏n) with 픽 [v;핏n] < 픽 [u;핏n] . Extending v to the ball 픹b 
by setting v ≡ u in 픹a we arrive at a contradiction to the minimality of u = x|x|−1 in 
A
2
휑
(픹n
b
) (cf. [20]) as then
Part 2. We now consider the case n ≥ 4 even. Indeed for the sake of clarity of pres-
entation and convenience of the reader we split this part into three steps.
Step 1. Here we use Theorem 2 to show that subject to the conditions stated in the 
main theorem the second variation of the energy at the spherical harmonic twist u 
satisfies the stronger inequality,
for all 휙 ∈ W1,2
0
(𝕏n,ℝn) where 휙̂ = 휙 − ⟨u,휙⟩u , hence, ⟨휙̂, u⟩ = 0 almost every-
where in 핏n and for some 𝛾 > 0 . Now recall that the second variation of the energy 
at u is given by the quadratic form
and this by Theorem 2 is strictly positive if 휙̂  is non-zero. Now in order to prove 
(63) we argue by contradiction and invoke the quadratic nature of 풬 as expressing 
the second variation in (64). Indeed, if the assertion were false, there would exist 
a sequence 휙̂k ∈ W1,20 (𝕏n,ℝn) satisfying ⟨휙̂k, u⟩ = 0 almost everywhere in 핏n such 
that
(62)픽 [v;픹nb] = 픽 [u;픹na] + 픽 [v;핏n] < 픽 [u;픹na] + 픽 [u;핏n] = 픽 [u;픹nb].
(63)d
2
d휀2
픽 [Π(u + 휀휙)]
����휀=0
=
d2
d휀2 �핏n
�∇(Π(u + 휀휙))�2 dx
����휀=0
≥ 2훾‖휙̂‖2
W
1,2 ,
(64)
d2
d휀2 ∫핏n
|∇(Π(u + 휀휙))|2 dx
||||휀=0
= 2
∫
핏n
(
|∇휙̂|2 − |∇u|2|휙̂|2
)
dx ∶= 2풬[휙̂],
(65)
∫
핏n
|∇�𝜙k|
2 dx = 1, 0 < 풬[�𝜙k] <
1
k
.
 S. Day, A. Taheri 
1 3
As ‖휙̂k‖W1,2 is bounded (by an application of the Poincaré inequality) there exists 
휙 ∈ W
1,2
0
(𝕏n,ℝn) such that (possibly on a subsequence) 휙̂k ⇀ 휙 in W1,20  . Further-
more by the Rellich-Kondrachov compactness theorem this gives the L2-strong 
and pointwise convergence (of a further subsequence if necessary) 휙̂k → 휙 and so 
⟨휙, u⟩ = 0 almost everywhere in 핏n . Now with these at hand we can write
It therefore follows upon letting k ↗ ∞ and noting the second inequality in (65) 
that ||휙∇u||L2 = 1 and so in particular 휙 ≢ 0 . Now by invoking the sequential weak 
lower semicontinuity of 풬[휙] on W1,2
0
 together with Theorem 2, it follows that
with the strict inequality being a result of 휙 being non-zero. The contradiction is 
thus reached and so we conclude that the inequality (63) must be true.
Step 2. Let us now proceed by introducing an unconstrained energy functional by 
way of setting
As before Π is the radial projection and it is assumed hereafter that the competing 
maps v take values in a fixed open neighbourhood of the unit sphere in ℝn away from 
the origin (see below). Clearly if |v| = 1 almost everywhere in 핏n , that is, if v takes 
values on the unit sphere, then Π(v) ≡ v and therefore I[v] = 픽 [v].
Now take v = u + 휀휙 where the map u is as in the statement of the theorem, 
휙 ∈ C
∞
0
(𝕏n,ℝn) and 휀 ∈ ℝ is sufficiently small. Then it is easily seen that 
Π(v) = Π(u + 휀휙) = u + 휀DΠ(u)휙 + o(휀) and ∇Π(v) = ∇u + 휀∇(DΠ(u)휙) + o(휀) . 
Hence calculating the first and second variations of I at u, by a straightforward cal-
culations it is seen that ||Π(v) − v||2
W
1,2
= 휀2||∇(DΠ(u)휙) − ∇휙||2
L2
+ o(휀2) , and so
(66)
||||
1 −
�
핏n
|∇u|2|휙|2 dx
||||
=
||||�핏n
(
|∇휙̂k|
2 − |∇u|2|휙|2
)
dx
||||
≤
||||�핏n
|∇u|2
(
|휙̂k|
2 − |휙|2
)
dx
||||
+
||||�핏n
(
|∇휙̂k|
2 − |∇u|2|휙̂k|
2
)
dx
||||
≤ sup
핏n
|∇u|2
||||�핏n
(
|휙̂k|
2 − |휙|2
)
dx
||||
+ 풬[휙̂k].
(67)0 < 풬[𝜙] ≤ lim inf
k↗∞
풬[�𝜙k] ≤ lim inf
k↗∞
1
k
= 0,
(68)
I[v] = 픽 [Π(v)] + ||Π(v) − v||2
W
1,2
=
∫
핏n
|∇Π(v)|2 +
∫
핏n
|∇Π(v) − ∇v|2.
(69)
d
d𝜀
I[u + 𝜀𝜙]
����𝜀=0
=
∫
핏
⟨∇u,∇(DΠ(u)𝜙)⟩ =
∫
핏
⟨∇u,∇[(퐈n − u⊗ u)𝜙]⟩ = 0,
1 3
Stability and local minimality of spherical harmonic twists…
as a result of u being a spherical harmonic twist and in a similar way
(Here we are assuming without loss of generality that 훾 ∈]0, 1[ as a consequence of 
which 훾 = min(1, 훾) .) Now referring to the formulation of the unconstrained energy 
(68), by direct differentiation of the radial projection and substitution, we can write,
where referring to the last identity in (71) the integrand f here has the explicit form
Note that a direct calculation using (68) or from the explicit description 
(72) and the identity �v��DΠ(v)∇v�2 = ⟨∇v,DΠ(v)∇v⟩ gives the lower bound 
f (x, v,∇v) ≥ |∇v|2∕2 . Proceeding forward now recall that the Weierstrass excess 
function associated with an integrand f = f (x, v, p) is given by (cf., e.g., [27] 
pp. 181)
This function is a key player in both the formulation and proof of the sufficiency 
theorem for strong local minimiser as used in step 3 below. As a matter of fact for 
the integrand f in (72) and for non-zero v (i.e., |v| > 0 ) and arbitrary p, q ∈ ℝn×n a 
straightforward calculation gives
(70)
d2
d휀2
I[u + 휀휙]
||||휀=0
=
d2
d휀2 �핏
|∇[Π(u + 휀휙])|2
||||휀=0
+ 2
�
핏
|∇(DΠ(u)휙) − ∇휙|2
= 2
�
핏
|∇휙̂|2 − |∇u|2|휙̂|2 + |∇(DΠ(u)휙) − ∇휙|2
≥ 2훾||휙̂||2
W
1,2 + 2||휙̂ − 휙||2
W
1,2 ≥ 훾||휙||2
W
1,2 .
(71)
I[v] =
∫
핏
|DΠ(v)∇v|2 dx +
∫
핏
|DΠ(v)∇v − ∇v|2 dx
=
∫
핏
|||||
(
퐈n −
v
|v|
⊗
v
|v|
)
∇v
|v|
|||||
2
dx +
∫
핏
|||||
(
(1 − |v|)퐈n −
v
|v|
⊗
v
|v|
)
∇v
|v|
|||||
2
dx
=
∫
핏
{
|∇v|2
|v|2
−
|(∇v)tv|2
|v|4
+ (1 − |v|)2
|∇v|2
|v|2
+ (2|v| − 1)
|(∇v)tv|2
|v|4
}
dx
=
∫
핏
f (x, v,∇v) dx,
(72)f (x, v,∇v) = (|v|2 − 2|v| + 2)
|∇v|2
|v|2
+ 2(|v| − 1)
|(∇v)tv|2
|v|4
.
(73)Ef (x, v, p, q) = f (x, v, q) − f (x, v, p) − ⟨fp(x, v, p), (q − p)⟩.
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Step 3. We are now in a position to apply the sufficiency theorem for strong local 
minimisers ([27] Theorem 3.3) and conclude. Towards this end and as shown in step 
1 above the stationary harmonic twist u satisfies (69)–(70). Therefore by virtue of 
the Weierstrass excess function inequality (74) in step 2 it follows from [27] Theo-
rem 3.3 part (1) that ∃𝜀, 𝜎 > 0 so that with U = 픹3∕2�픹1∕2 : ∀v ∈ W1,2(핏n,U) , v = u 
on 휕핏n and ||v − u||L∞ < 𝜀 ⟹ I[v] − I[u] ≥ 𝜎||v − u||2
W
1,2
 . Thus by restricting v 
further to A2
휑
(핏n) we have 픽 [v] − 픽 [u] = I[v] − I[u] ≥ 휎||v − u||2
W
1,2
.
We can improve the above statement to u being an L1-local minimiser of I over 
W
1,2
(핏n,U) by slightly adjusting the argument in [27] Theorem 3.3 part (2). Indeed 
pick 휓 ∈ C∞
0
(0,∞) such that 0 ≤ 휓 ≤ 1 with 휓 ≡ 1 on [1/2, 3/2] and 휓 ≡ 0 outside 
(1/4,  7/4). Replacing the integrand f by 휓(|v|)f  does not change I[v] for 
v ∈ W1,2(핏n,U) but overcomes the indeterminacy of f at v = 0 . In particular here we 
still have (69)-(70). Now a close inspection of the proof of [27] Theorem 3.3 part (2) 
reveals that all that is required of the Weierstrass excess function along the sequence 
(uj) in W1,2(핏n,U) with uj ⇀ u in W1,2 and I[uj] − I[u] < 1∕j||uj − u||2
W
1,2
 is to satisfy 
Ef (x, uj,∇u,∇uj) ≥ 훼||uj − u||2
W
1,2
 which is certainly true here with 훼 = 1∕2 as a 
result of (74). It thus follows that ∃𝜀, 𝜎 > 0 so that: ∀v ∈ W1,2(핏n,U) , v = u on 휕핏n 
and ||v − u||L1 < 𝜀 ⟹ I[v] − I[u] ≥ 𝜎||v − u||2
W
1,2
 . Again by restricting v further 
to A2
휑
(핏n) we have 픽 [v] − 픽 [u] = I[v] − I[u] ≥ 휎||v − u||2
W
1,2
 . This at once gives the 
desired conclusion and thus completes the proof.   ◻
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(74)
Ef (x, v, p, q) = (|v|
2 − 2|v| + 2)
|q − p|2
|v|2
+ 2(|v| − 1)
|(q − p)tv|2
|v|4
= |q − p|2 + 2
1 − |v|
|v|2
|q − p|2 + 2
|v| − 1
|v|4
|(qt − pt)v|2
=
1
2
|q − p|2 + 1
2
|||||
[
퐈n −
2
|v|
(
퐈n −
v
|v|
⊗
v
|v|
)]
(q − p)
|||||
2
≥
1
2
|q − p|2.
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Appendix
This appendix has two distinct aims: firstly, to formalise the calculations of the first 
and second variations of the 픽-energy integral (1) over Ap
휑
 , and secondly, to estab-
lish a minimality property for solutions of the Euler–Lagrange system (2) in homot-
opy classes when n = 2.
Formulation of energy variations when n ≥ 2
The aim here is to give a formal derivation for the first and second variations of the 
energy (1) with F a twice continuously differentiable function. Let u ∈ Ap
휑
 be of 
class C1 and for 휙 ∈ C∞
0
(𝕏n,ℝn) and 휀 ∈ ℝ sufficiently small (so that |u + 휀휙| ≥ 1∕2 
in 핏n ) put u휀 = Π(u + 휀휙) = (u + 휀휙)∕|u + 휀휙| . A straightforward calculation firstly 
gives
Subsequently by referring to (1) we can compute
that upon assuming u is a stationary map gives (2). Next using 
휙̂ = DΠ(u)휙 = 휙 − ⟨u,휙⟩u as before and with the same assumption on u, the sec-
ond variation at u (recalling the vanishing of the first energy variation at u) can be 
written as
(75)d
d휀
u휀
����휀=0
= 휙 − ⟨u,휙⟩u, d
2
d휀2
u휀
����휀=0
= 3⟨u,휙⟩2u − �휙�2u − 2⟨u,휙⟩휙.
(76)
d
d휀
픽 [u휀;핏
n]
����휀=0
= 2
∫
핏n
F�(�∇u�2)⟨∇u휀,∇
d
d휀
u휀⟩ dx
����휀=0
= 2
∫
핏n
F�(�∇u�2)
�
⟨∇u,∇휙⟩ − �∇u�2⟨u,휙⟩
�
dx,
(77)
d2
d휀2
픽 [u휀;핏
n]
����휀=0
=
∫
핏n
4F��(�∇u휀�
2)⟨∇u휀,∇
d
d휀
u휀⟩
2 + 2F�(�∇u휀�
2)
����
∇
d
d휀
u휀
����
2
+ 2F�(�∇u휀�
2)⟨∇u휀,∇
d2
d휀2
u휀⟩ dx
����휀=0
=
∫
핏n
4F��(�∇u�2)⟨∇u,∇휙̂⟩2 + 2F�(�∇u�2)�∇휙̂�2
+ 2F�(�∇u�2)⟨u�∇u�2, d
2
d휀2
u휀⟩��휀=0 dx
=
∫
핏n
4F��(�∇u�2)⟨∇u,∇휙̂⟩2 + 2F�(�∇u�2)�∇휙̂�2
− 2F�(�∇u�2)�∇u�2�휙̂�2 dx.
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Energy minimisers in the homotopy classes of Ap
'
(핏) when n = 2
In this second part of the appendix we show that in the planar case n = 2 there is 
a stronger stability result for the spherical harmonic twists by way of proving that 
sufficiently smooth solutions of the associated Euler–Lagrange system minimise 
energy in their respective homotopy classes. To formalise this recall that here we are 
considering the energy integral
(hereafter 핏 = 핏2 ) under similar assumptions on the integrand F as before (i.e., F is 
twice continuously differentiable, is bounded from below – without loss of general-
ity F(t) ≥ 0 – and F�(t),F��(t) ≥ 0 for all t ≥ 0 ) and over the space
Here 휑 ∈ C1(휕핏,핊1) and is the restriction to 휕핏 of a map in C(핏,핊1) (this in 
particular ensures that Ap
휑
(핏) is non-empty). We show that with the convexity-
monotonicity assumption on F solutions u of the Euler–Lagrange system (2) 
are energy minimisers in their respective homotopy classes. Now to describe 
exactly what we mean by homotopy classes first note that any u ∈ C(핏,핊1) can 
be regarded as a map (again called u) in C(R,핊1) with R = [a, b] × [0, 2휋] such 
that (with a slight abuse of notation) u(r, 0) = u(r, 2휋) for all a ≤ r ≤ b . Since 
R ⊂ ℝ2 is simply-connected u has a lifting f ∈ C(R,ℝ) so that u = exp (if ).7  
Now as the fibre of each point in 핊1 under the covering map exp(ix) ∶ ℝ → 𝕊1 
is discrete and countably infinite (indeed is a translation of the lattice 2𝜋ℤ ⊂ ℝ ) 
in order to define f uniquely and unambiguously it suffices to fix a base point 
휁 ∈ ℝ in the fibre of 휑(a, 0) ∈ 핊1 and then set f (a, 0) = 휁 . Now by continuity 
f (r, 2휋) − f (r, 0) = 2휋k for all a ≤ r ≤ b and some k ∈ ℤ and if f , g ∈ C(R,ℝ) 
denote the liftings of u, v ∈ C휑(핏,핊1) = {w ∈ C(핏,핊1) ∶ w = 휑 on 휕핏} then 
g(b, 0) − f (b, 0) = 2휋m for some m ∈ ℤ . (Here k is the common value of the 
Brouwer degrees of either map 휑|휕핏a or 휑|휕핏b that agree in view of 휑 ∈ C(핏,핊
1) 
and the single integer m solely characterises the different homotopy classes 
of C휑(핏,핊1) .) Indeed if u,  v are homotopic in C휑(핏,핊1) (relative to 휕핏 ) then 
f ≡ g on the vertical part of the boundary 휕Rv = {r = a} ∪ {r = b} and con-
versely if f ≡ g on 휕Rv then u, v are homotopic in C휑(핏,핊1) (relative to 휕핏 ). As 
a matter of fact here a homotopy between u,  v is given by wt = exp (iht) where 
ht = (1 − t)f + tg and 0 ≤ t ≤ 1 . Note that ht ≡ f ≡ g on Rv for all 0 ≤ t ≤ 1 while 
ht(r, 2휋) − ht(r, 0) = (1 − t)(f (r, 2휋) − f (r, 0)) + t(g(r, 2휋) − g(r, 0)) = 2휋k for all 
a ≤ r ≤ b and 0 ≤ t ≤ 1 . The homotopy classes of C휑(핏,핊1) and Ap휑(핏) ( p > 2 ) are 
thus understood in this sense. The case p = 2 is similar but requires a slightly more 
involved argument (cf. [18, 29, 34]).
(78)픽 [u;핏] ∶=
∫
핏
F(|∇u|2) dx,
(79)Ap휑(핏) = {u ∈ W
1,p
(핏,핊1) ∶ u = 휑 on 휕핏}, p ≥ 2.
7 Here we are identifying u = (u1, u2) with its complex representation u = u1 + iu2 in view of the inclu-
sion 𝕊1 ⊂ ℂ.
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For a discussion of liftings (existence and regularity) in the context of 
Sobolev spaces see [5] and the references therein. The proof that solutions of the 
Euler–Lagrange system (80) minimise energy in their respective homotopy classes 
is now based on the observation that, upon writing u = exp (if ) , the system (80) 
transforms into a single PDE for f (82). As two admissible maps are homotopic iff 
their liftings as above agree on 휕Rv the desired energy inequality follows by perio-
dicity, integration by parts and a convexity-monotonicity argument.
Theorem 4 Let F = F(t) be a twice continuously differentiable, monotone increasing 
and convex function satisfying F�(t),F��(t) ≥ 0 for t ≥ 0 . Then if u ∈ C2(핏,핊1) is a 
solution to the system
then u is a minimiser of the energy 픽  (78) in its homotopy class.
Proof Let u ∈ C2(핏,핊1) be a solution to (80) and let f be the lifting of u as described 
above so that u = exp (if ) in R = {(r, 𝜃) ∶ a ≤ r ≤ b, 0 ≤ 𝜃 ≤ 2𝜋} ⊂ ℝ2 . Then 
|∇u|2 = |∇f |2 = (휕rf )2 + 1∕r2(휕휃f )2 and so
where (cos f , sin f )⟂ = (− sin f , cos f ).8 Thus it is seen from the system (80) for u that 
the corresponding equation for the scalar function f is a single PDE, that is,
or more explicitly in the (r, 휃) variables
Now pick a competing map v in the same homotopy class as u and with v ≡ 휑 on 
휕핏 . Then the lifting g of v satisfies g = f  on 휕Rv . Hence using the convexity and 
monotonicity of F we can bound the difference in the energies of v and u as
(80)
{
div
[
F�(|∇u|2)∇u
]
+ F�(|∇u|2)|∇u|2u = 0 in 핏,
u = 휑 on 휕핏,
(81)
L[u = exp (if )]
∶= div
[
F�(|∇u|2)∇u
]
+ F�(|∇u|2)|∇u|2u
= div
[
F�(|∇f |2)(cos f , sin f )⟂ ⊗ ∇f
]
+ F�(|∇f |2)|∇f |2(cos f , sin f )t
= div
[
F�(|∇f |2)∇f
]
((cos f , sin f )⟂)t
(82)L[u] = 0 ⟺ div
[
F�(|∇f |2)∇f
]
= 0,
(83)휕r
[
rF�(|∇f |2)휕rf
]
+
1
r
휕휃
[
F�(|∇f |2)휕휃f
]
= 0.
8 Note that the divergence operator on the first and second lines above acts on matrix fields and row-wise 
whilst the divergence operator on the third line is the usual one acting on vector fields.
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Note that the third line uses the convexity of F and the fourth line follows 
from the non-negativity of F′ . Now setting 휙 = g − f  we have 휙 ≡ 0 on 휕Rv 
and 휙(r, 2휋) = 휙(r, 0) for a ≤ r ≤ b as a result of f (r, 2휋) − f (r, 0) = 2휋k , 
g(r, 2휋) − g(r, 0) = 2휋k . Thus integrating by parts and using (83) we can write
where the last equality follows upon noting that by periodicity and smoothness, 
f (r, 휃 + 2휋) − f (r, 휃) = 2k휋 and so 휕rf (r, 2휋) = 휕rf (r, 0) , 휕휃f (r, 2휋) = 휕휃f (r, 0) 
and thus |∇f |2(r, 2휋) = |∇f |2(r, 0) . Hence substituting back in (84) gives 
픽 [v;핏] − 픽 [u;핏] ≥ 0 and so the conclusion follows.   ◻
References
 1. Alouges, F., and J. Ghidaglia. 1997. Minimizing Oseen-Frank energy for nematic liquid crystals: 
Algorithms and numerical results. Annales de l’IHP Physique théorique 66: 411–447.
(84)
픽 [v;핏] − 픽 [u;핏] =
�
핏
�
F(�∇v�2) − F(�∇u�2)
�
dx
=
�
R
�
F(�∇g�2) − F(�∇f �2)
�
rdrd휃
≥
�
R
F�(�∇f �2)(�∇g�2 − �∇f �2) rdrd휃
≥
�
R
F�(�∇f �2)
�
�∇g�2 − �∇(g − f )�2 − �∇f �2
�
rdrd휃
≥
�
R
2F�(�∇f �2)
�
⟨∇f ,∇g⟩ − �∇f �2
�
rdrd휃
≥
�
R
2F�(�∇f �2)⟨∇f ,∇(g − f )⟩ rdrd휃.
∫
R
F�(�∇f �2)⟨∇f ,∇휙⟩rdrd휃 =
∫
R
F�(�∇f �2)(휕rf 휕r휙 +
1
r2
휕휃f 휕휃휙) rdrd휃
=
∫
R
−
�
휕r(rF
�휕rf ) +
1
r
휕휃(F
�휕휃f )
�
휙 drd휃
+
∫
휕R
(rF�휕rf ,
1
r
F�휕휃f ) ⋅ 휈휙 dH
1
=
∫
b
a
�
(F�휕휃f )
����휃=2휋
− (F�휕휃f )
����휃=0
�
휙
r
= 0,
1 3
Stability and local minimality of spherical harmonic twists…
 2. Baldes, A. 1984. Stability and uniqueness properties of the equator map from a ball into an ellip-
soid. Math. Z. 185 (4): 505–516.
 3. Berger, M. 2007. A Panoramic view of Riemannian Geometry. Berlin: Springer.
 4. Bedford, S. 2016. Function spaces for liquid crystal theory. Archive for Rational Mechanics and 
Analysis 219 (2): 937–984.
 5. Bourgain, J., H. Brezis, and P. Mironescu. 2000. Lifting in Sobolev spaces. Journal d’analyse 
Mathématique 80 (1): 37–86.
 6. Bourgoin, J.C. 2006. The minimality of the map x∕||x|| for weighted energy. Calculus of Variations 
and Partial Differential 25 (4): 469–489.
 7. Brezis, H., Y. Li, P. Mironescu, and L. Nirenberg. 1999. Degree and Sobolev spaces. Topological 
Methods in Nonlinear Analysis 13 (2): 181–190.
 8. Cicalese, M., M. Ruf, and F. Solombrino. 2017. On global and local minimizers of prestrained thin 
elastic rods. Topological Methods in Nonlinear Analysis 56 (4): 115.
 9. Cesari, L. 1983. Optimization theory and applications: Problems with ordinary differential equa-
tions, applications of mathematics, vol. 17. Berlin: Springer.
 10. Chavel, I. 2006. Riemannian Geometry: A Modern Introduction, vol. 98., Cambridge Studies in 
Advanced Mathematics: Cambridge University Press.
 11. Day, S., and A. Taheri. 2018. Geodesics on 퐒퐎(n) and a class of spherically symmetric mappings 
as solutions to a nonlinear generalised harmonic map problem. Topological Methods in Nonlinear 
Analysis 51 (2): 637–662.
 12. Day, S., and A. Taheri. 2017. A class of extremising sphere-valued maps with inherent maximal tori 
symmetries in 퐒퐎(n) . Boundary Value Problems 2017: 187.
 13. Eells, J., and L. Lemaire. 1978. A report  on harmonic maps. Bulletin of the London Mathematical 
Society 10: 1–68.
 14. Eells, J., and L. Lemaire. 1988. Another report on harmonic maps. Bulletin of the London Math-
ematical Society 20: 385–524.
 15. Ericksen, J.L. 1966. Inequalities in liquid crystal theory. Physics of Fluids 9 (6): 1205–1207.
 16. Giaquinta, M., G. Modica, and J. Soucek. 1998. Cartesian Currents in the Calculus of Variations, 
vol. I & II. Berlin: Springer.
 17. Fegan, H.D. 1991. Introduction to Compact Lie Groups, vol. 13., Series in Pure Mathematics Singa-
pore: World Scientific.
 18. Hang, F.B., and F.H. Lin. 2001. Topology of Sobolev mappings. Mathematical Research Letters 8: 
321–330.
 19. Knapp, A.W. 2002. Lie Groups beyond an introduction, progress in mathematics, 2nd ed. Basel: 
Birkhäuser.
 20. Lin, F.H. 1987. A remark on the map x∕|x| . CRA Science 305 (12): 529–531.
 21. Mazet, E. 1973. La formule de la variation seconde de l’énergie au voisinage d’une application har-
monique. Journal of Differential Geometry 8 (2): 279–296.
 22. Morrison, G., and A. Taheri. 2018. An infinite scale of incompressible twisting solutions to the 
nonlinear elliptic system L[u;A,B] = ∇P and the discriminant Δ(h, g) . Nonlinear Analysis 173: 
209–219.
 23. Noll, D. 1993. Second order differentiability of integral functionals on Sobolev spaces and L2
-spaces. Journal für die Reine und Angewandte Mathematik 436: 1–17.
 24. Sepanski, M.R. 2007. Compact Lie Groups, Graduate Texts in Mathematics, vol. 235. Berlin: 
Springer.
 25. Simon, B. 1995. Representations of Finite and Compact Groups, vol. 10., Graduate Studies in 
Mathematics Providence: American Mathematical Society.
 26. Smith, R.T. 1975. The second variation formula for harmonic mappings. Proceedings of the Ameri-
can Mathematical Society 47 (1): 229–236.
 27. Taheri, A. 2001. Sufficiency theorems for local minimizers of the multiple integrals of the calculus 
of variations. Proceedings of the Royal Society of Edinburgh Section A: Mathematics 131: 155–184.
 28. Taheri, A. 2002. Strong versus weak local minimizers for the perturbed Dirichlet functional. Calcu-
lus of Variations and Partial Differential Equations 15 (2): 215–235.
 29. Taheri, A. 2005. Local minimizers and quasiconvexity—the impact of topology. Archive for 
Rational Mechanics and Analysis 176 (3): 363–414.
 30. Taheri, A. 2010. Homotopy classes of self-maps of annuli, generalised twists and spin degree. 
Archive for Rational Mechanics and Analysis 197 (1): 239–270.
 S. Day, A. Taheri 
1 3
 31. Taheri, A. 2012. Spherical twists, stationary paths and harmonic maps from generalised annuli into 
spheres. NoDEA 19: 79–95.
 32. Taheri, A. 2015. Function Spaces and Partial Differential Equations, vol. I & II., Oxford Lecture 
Series in Mathematics and its Applications: Oxford University Press.
 33. Virga, E.G. 1994. Variational theories for liquid crystals, vol. 8., Applied mathematics and math-
ematical computation London: Chapman & Hall.
 34. White, B. 1988. Homotopy classes in Sobolev spaces and the existence of energy minimizing maps. 
Acta Mathematica 160: 1–17.
Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published 
maps and institutional affiliations.
